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Abstract

In 1999 Davis and Jedwab gave an explicit algebraic normal form for m! · 2h(m+2) ordered
Golay pairs of length 2m over Z2h , involving m!/2 · 2h(m+1) Golay sequences. In 2005 Li and
Chu unexpectedly found an additional 1024 length 16 quaternary Golay sequences. Fiedler and
Jedwab showed in 2006 that these new Golay sequences exist because of a “cross-over” of the
aperiodic autocorrelation function of certain quaternary length 8 sequences belonging to Golay
pairs, and that they spawn further new quaternary Golay sequences and pairs of length 2m for
m > 4 under Budǐsin’s 1990 iterative construction.

The total number of Golay sequences and pairs spawned in this way is counted, and their
algebraic normal form is given explicitly. A framework of constructions is derived in which
Turyn’s 1974 product construction, together with several variations, plays a key role. All
previously known Golay sequences and pairs of length 2m over Z2h can be obtained directly in
explicit algebraic normal form from this framework. Furthermore, additional quaternary Golay
sequences and pairs of length 2m are produced that cannot be obtained from any other known
construction. The framework generalizes readily to lengths that are not a power of 2, and to
alphabets other than Z2h .

Keywords autocorrelation function, algebraic normal form, complementary, construction,
cross-over, Golay sequence, quaternary, shared autocorrelation property

1 Introduction

Let H be an even positive integer. A sequence of length n over ZH is a sequence of values a =
(a0, a1, . . . , an−1), where each ai ∈ ZH . Let ξ be a primitive H-th root of unity and define the
aperiodic autocorrelation function of a to be

Ca(u) :=

n−1−u
∑

i=0

ξai−ai+u for integer u satisfying 0 ≤ u < n.

A pair (a, b) of sequences of length n over ZH is called a Golay complementary pair (often abbre-
viated to Golay pair) of length n over ZH if

Ca(u) + Cb(u) = 0 for all integer u satisfying 0 < u < n.

A sequence a is called a Golay sequence if it forms a Golay pair with some sequence b. The name
is in honor of Golay [7], who introduced this condition for the case H = 2 in 1949.
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This paper is concerned with Golay sequences of length 2m over ZH . Mostly we are interested
in the case H = 2h for integer h ≥ 1, and especially in the binary case H = 2 and the quaternary
case H = 4. In 1999 Davis and Jedwab [4] gave an explicit algebraic normal form for m! · 2h(m+2)

ordered Golay pairs (a, b) of length 2m over Z2h , involving m!/2 · 2h(m+1) Golay sequences. These
pairs are obtained by taking H = 2h in (1) (see Section 2). We will call Golay pairs and sequences
of the form (1) standard.

It was believed for several years that there are no non-standard Golay sequences of length 2m

over Z2h , but in 2005 Li and Chu [11] unexpectedly found 1024 length 16 non-standard quaternary
Golay sequences by computer search. Li and Kao [12] showed that these new sequences arise from
concatenation or interleaving of quaternary length 8 Golay pairs. In 2006 Fiedler and Jedwab [5]
gave a full explanation of the structure of the new sequences by showing that their existence depends
on a “shared autocorrelation property” of certain standard quaternary length 8 Golay sequences.
This property had previously been observed in [4] but its significance had been overlooked. (In
hindsight the papers [10] and [3], which use computer search to determine the number of non-
standard quaternary ordered Golay pairs of length 8 and 16 as 512 and 8192 respectively, also
contain clues as to the existence of the new length 16 Golay sequences; see [5] for further discussion.)
Currently the only known examples of Golay sequences of length 2m over Z2h having the shared
autocorrelation property are those described in [5].

Golay’s foundational paper [8] shows how to construct a binary Golay pair of length 2n by in-
terleaving or concatenating the sequence elements of a binary Golay pair of length n. The paper [8]
also constructs a binary Golay sequence of length 2m directly using a generalized Boolean sum con-
struction. Budǐsin [2] showed that this generalized Boolean sum construction can be realized by
iterated interleaving and concatenation of an initial trivial binary Golay pair of length 1, provided
that “gaps” (meaning zero elements) are allowed in the constructed sequence at intermediate steps.
Budǐsin’s construction [2] also applies to non-binary Golay pairs of length 2m, in particular Golay
pairs over Z2h . Paterson [14] showed that the standard Golay sequences having H = 2h, that were
presented explicitly in [4] as an extension of Golay’s generalized Boolean sum construction, can be
obtained iteratively using Budǐsin’s construction.

It is then natural to ask: what quaternary Golay sequences and pairs are obtained when
Budǐsin’s iterative construction is applied to the 512 non-standard length 8 quaternary ordered
Golay pairs? We know from [5] that the Golay sequences and pairs of length 16, 32, 64, . . .
spawned in this way are non-standard, and that the number of Golay sequences and pairs of
length 16 spawned is 1024 and 8192 respectively (matching the counts in [11] and [3] obtained by
exhaustive search). But [5] could not determine the number of quaternary Golay sequences and
pairs of length 2m spawned for m > 4, even when the iterative construction is restricted to just
interleaving and concatenation (not allowing gaps in intermediate steps).

The principal objective of this paper is to determine the number of quaternary Golay sequences
and pairs of length 2m (m ≥ 4) obtained by applying Budǐsin’s iterative construction to the 512
non-standard length 8 quaternary ordered Golay pairs, and moreover to find the algebraic normal
form of the constructed sequences and pairs explicitly. Although the algebraic normal forms appear
rather complex when written out, they completely describe the constructed sequences.

A second objective of the paper is to identify, from the many known explicit and iterative
constructions, a framework from which all known Golay sequences and pairs of length 2m over
Z2h can be obtained in explicit algebraic normal form. The explicit constructions include Golay’s
generalized Boolean sum construction [8, (13)] and its extension to generalized Boolean functions by
Davis and Jedwab [4]. The iterative constructions include: Golay’s concatenation and interleaving
of a binary Golay pair [8, (9), (10)]; Golay’s block-interleaving of two binary Golay pairs [8,
(11), (12)]; Budǐsin’s iterative construction using permutations and roots of unity [2]; and Turyn’s
product construction for producing a binary Golay pair from two shorter binary Golay pairs [16,
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Lemma 5]. We shall see that, once the standard Golay pairs (1) are given, the key construction
among all of these is Turyn’s, together with several variations that we shall derive. These variations
allow us to construct directly and explicitly the Golay sequences and pairs of length 2m over Z2h

that would be obtained by applying Budǐsin’s construction iteratively.
A third objective of this paper is to demonstrate that the framework described is powerful

enough to produce further Golay sequences and pairs of length 2m over Z2h that cannot be obtained
by applying Budǐsin’s construction iteratively to a non-standard length 8 quaternary Golay pair.

The rest of the paper is organized in the following way. Section 2 introduces further notation
and definitions, particularly for algebraic normal form and the shared autocorrelation property.
Section 3 reviews Turyn’s construction in some detail, because of its importance in our constructive
framework. Section 4 develops variations on Turyn’s construction, in which Golay pairs are used
to control the iterative interleaving and concatenation of other Golay pairs. Section 5 uses the
constructive framework to determine which Golay sequences and pairs are spawned by an initial
ordered Golay pair (a, b) of length 2r, and applies this result to the 512 non-standard quaternary
ordered Golay pairs of length 8. Section 6 summarizes the results of the paper, clarifies the
relationship to other work, and lists some open questions.

Figure 2 is a Venn diagram illustrating the intersections of the constructions described in this
paper. For each lemma in the diagram, the annotations describe restrictions on its use. Figure 3 is
a flowchart showing how the constructed sets of quaternary Golay sequences are obtained. Table 1
gives counts of the number of standard and non-standard quaternary Golay sequences and quater-
nary ordered Golay pairs of length 2m. All currently known quaternary Golay sequences and pairs
included in these counts can be obtained via the flowchart shown in Figure 3.

2 Notation and definitions

In this section we introduce some notation and definitions, particularly for algebraic normal form
and the shared autocorrelation property. Throughout, H will be an even positive integer and ξ
will be a primitive H-th root of unity.

As before, a sequence of length n over ZH is a sequence of values a = (a0, a1, . . . , an−1),
where each ai ∈ ZH . In phase shift keying with H phases, the sequence elements ai represent
data to be communicated, and the sequence a corresponds to the complex modulated sequence
(ξa0 , ξa1 , . . . , ξan−1) of roots of unity. The generating function associated with a is the polynomial

A(x) :=
n−1
∑

i=0

ξaixi.

Straightforward manipulation shows that

A(x)A(x−1) = n +
n−1
∑

u=1

Ca(u)x−u +
n−1
∑

u=1

Ca(u)xu,

where bar represents complex conjugation. It follows that if a, b form a Golay pair of length n and
A(x), B(x) are the associated generating functions then

A(x)A(x−1) + B(x)B(x−1) = 2n.

In this case we call (A(x), B(x)) a complementary function pair. (The converse, that the sequences
associated with a complementary function pair form a Golay pair, is true provided that we work
with complex modulated sequences a, b of arbitrary complex numbers, and use the complex modu-
lated definitions Ca(u) :=

∑n−1−u
i=0 aiai+u and A(x) :=

∑n−1
i=0 aix

i for the aperiodic autocorrelation
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function and generating function respectively. Such sequences do not in general correspond to
phase shift keying, and some of their elements may even be 0. Although our primary interest in
this paper is Golay pairs over ZH , the constructions in Section 4 can be generalized to these Golay
pairs of arbitrary complex numbers.)

A sequence a = (a0, . . . , a2m−1) of length 2m over ZH can be described by means of its algebraic
normal form. A generalized Boolean function is a function f : Z

m
2 → ZH . Let 0 ≤ i < 2m and let

(i1, . . . , im) be the binary expansion of i, where i1 is the most significant bit. Let fj(x1, . . . , xm) = xj

be the indicator function for ij (which is bit j in the binary representation of i). The indicator
functions f1, . . . fm give rise to 2m monomials

1,

x1, x2, . . . , xm,

x1x2, x1x3, . . . , xm−1xm,

...

x1x2 · · · xm.

Multiplication of indicator functions corresponds to the logical AND operation, and addition cor-
responds to logical XOR. Since AND and XOR generate all possible truth tables, every Boolean
function can be expressed uniquely as a linear combination of the above monomials over Z2, and
every generalized Boolean function is a unique linear combination of the monomials over ZH . The
resulting polynomial is called the algebraic normal form of f . With the function f we associate
a sequence f by listing the values f(i1, i2, . . . , im) as (i1, i2, . . . , im) ranges over its 2m values in
lexicographic order. In other words, we have f = (a0, a1, . . . , a2m−1) where ai = f(i1, i2, . . . , im).
This implies that the sequence associated with the sum f + g of two functions f and g is the
componentwise sum of the sequences f and g, which we write as f + g. Similarly, the sequence
associated with the product fg is the componentwise product of f and g, which we write as fg.
We will sometimes write a sequence using a shorthand definition such as f = x1x2, to mean “f
is the sequence associated with the function f(x1, . . . , xm) = x1x2” (where m will be known from
context). For example, when m = 3, we have

f1(x1, x2, x3) = x1 = (0, 0, 0, 0, 1, 1, 1, 1),

f2(x1, x2, x3) = x2 = (0, 0, 1, 1, 0, 0, 1, 1),

(f1f2)(x1, x2, x3) = x1x2= (0, 0, 0, 0, 0, 0, 1, 1).

We write  and  to denote the all-one and all-zero sequence respectively, whose length will be
known from context. Note that some authors use a different labeling convention for the algebraic
normal form.

We define a standard Golay pair of length 2m over ZH to be a pair of sequences (c,d) having
algebraic normal form

c =
H

2

m−1
∑

k=1

xπ(k)xπ(k+1) +
m

∑

k=1

ekxk + e0

d =
H

2

m−1
∑

k=1

xπ(k)xπ(k+1) +
m

∑

k=1

ekxk + e′0 +
H

2
xπ(1)























(1)

for some permutation π of {1, . . . ,m} and e′0, e0, e1, . . . , em ∈ ZH , and we define a standard Golay
sequence to be a member of a standard Golay pair.
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Theorem 1. Let f = H/2·∑m−1
k=1 xπ(k)xπ(k+1)+

∑m
k=1 ekxk, where π is a permutation of {1, 2, . . . ,m}

and e1, e2, . . . , em ∈ ZH . Then the sequence pair

(f + e0 ·  + H/2 · u(xπ(1) + xπ(m)), f + H/2 · xπ(1) + e′0 ·  + H/2 · u′(xπ(1) + xπ(m)))

is a standard Golay pair of length 2m over ZH for any e0, e
′
0 ∈ ZH and u, u′ ∈ Z2.

The case H = 2h of Theorem 1 was given by Davis and Jedwab [4, Corollary 5]. Paterson [14]
showed that the construction in [4] holds without modification for general (even) H.

Given a sequence a = (a0, a1, . . . , an−1) of length n over ZH , we define

a∗ := (−an−1,−an−2, . . . ,−a0)

to be the negative reversal of a. (For the associated complex modulated sequence b, the sequence
b∗ is the complex conjugate of the reversal of b. If a is a binary sequence, then a∗ is just the
reversal of a since then 0∗ = 0 and 1∗ = 1.) Since Ca∗(u) ≡ Ca(u) (see the proof of [5, Lemma 4]),
it follows that all sequences in the set

E(a) := {a + c ·  | c ∈ ZH} ∪ {a∗ + c ·  | c ∈ ZH}

(which has H elements if a∗ = a+c · for some c ∈ ZH , and 2H elements otherwise) have identical
aperiodic autocorrelation function. Therefore, if (a, b) is a Golay pair of length n over ZH then so
is every element of E(a) × E(b).

Now, using the relations

xi
∗ = xi −  and (xixj)

∗ = −xixj + xi + xj − , (2)

it follows from (1) that a standard Golay sequence c of length 2m over ZH satisfies

c∗ = c + H/2 · (xπ(1) + xπ(m)) + e ·  for some e ∈ ZH ,

so that

E(c) =

{

H

2

m−1
∑

k=1

xπ(k)xπ(k+1) +

m
∑

k=1

ekxk + e0 +
H

2
u(xπ(1) + xπ(m)) | e0 ∈ ZH , u ∈ Z2

}

. (3)

Therefore Theorem 1 describes the set E(c) × E(d) of Golay pairs derived from a single standard
Golay pair (c,d).

It is possible that two sequences a,a′ of length n over ZH have identical aperiodic autocor-
relation function, even though E(a) 6= E(a′). In this case we say that the pair (a,a′) has the
shared autocorrelation property. Suppose that (a, b) and (a′, b′) are standard Golay pairs, where
E(a) 6= E(a′) and E(b) 6= E(b′). If the pair (a,a′) has the shared autocorrelation property, then
so does the pair (b, b′); and moreover (a, b′) and (a′, b) both form non-standard Golay pairs by a
“cross-over” of their autocorrelation functions, as illustrated in Figure 1. The only known examples
of this for H = 2h can be summarized in Theorem 2.

Theorem 2 ([5]). For any u0, u1, u2, u3 ∈ Z2 and k0, k1 ∈ Z4, the length 8 quaternary Golay
sequences

a = 2(x1x2 + x2x3) + 2u0(x1 + x3) + 2u2x3 + u3(x3 + 2x2) + k0

b = 2(x1x2 + x1x3) + x2 + x3 + 2u1(x2 + x3) + 2u2x2 + u3(x3 + 2x2) + k1

}

form a non-standard Golay pair, by a cross-over of their autocorrelation functions.
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Figure 1: Cross-over of autocorrelation functions for Golay pairs (a, b) and (a′, b′), where E(a) 6=
E(a′) and E(b) 6= E(b′)

Theorem 2 involves 2 · 23 · 4 = 64 distinct quaternary sequences which form 2 · 24 · 42 = 512
non-standard ordered Golay pairs of length 8. [5] demonstrates that all of these Golay pairs can
be derived from a single unordered pair of length 8 quaternary Golay sequences having the shared
autocorrelation property, for example

2(x1x2 + x2x3) and 2(x1x2 + x1x3) + 3x2 + x3. (4)

For h > 2, each quaternary Golay pair in Theorem 2 can be mapped to a Golay pair over Z2h

having the same complex modulated values, a process known as lifting (for example, multiplication
of each sequence element by 8 gives a Golay pair over Z32). While these liftings technically provide
further examples of standard Golay sequences of length 2m forming a non-standard Golay pair
by a cross-over of their autocorrelation functions, we consider them to be essentially the same
as the examples of Theorem 2. By Corollary 2 of [5], a Golay pair (a, b) of length n over ZH

can be mapped to another Golay pair by means of the linear transformation given by adding the
sequence (0, c, 2c, 3c, . . . (n − 1)c) to both a and b for any c ∈ ZH , but we likewise regard these
linear transformations of the Golay pairs of Theorem 2 as giving essentially the same pairs.

Our constructions are conveniently described using the matrix notation of Borwein and Fergu-
son [1]; Paterson [14] used an alternative notation. Let M be an r × s matrix where each entry is
a sequence of length n over ZH . We regard M as an r× sn matrix with entries from ZH , which we
read column by column to obtain a new sequence of length rsn over ZH . Thus the new sequence
is the interleaving of r rows, where the entries in each row are the elements in the concatenation
of the s sequences in that row. For example, let

a = (0, 1, 2, 1)

b = (0, 1, 0, 3)

be quaternary sequences. Then the length 16 quaternary sequence

(0, 0, 1, 1, 2, 2, 1, 1, 0, 2, 1, 3, 0, 2, 3, 1)
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is obtained from the matrix

M =

[

(a + ) (b + )
(a + ) (b + 2 · )

]

=

[

(0, 1, 2, 1) (0, 1, 0, 3)
(0, 1, 2, 1) (2, 3, 2, 1)

]

by reading the entries of M column by column. We will present all our constructions in matrix
form, using this reading convention for the constructed sequences.

3 Turyn’s construction

In this section we review Turyn’s construction [16, Lemma 5] in some detail, because of its impor-
tance in our constructive framework. We shall illustrate how to convert the construction from the
form given by Turyn into the matrix notation described in Section 2.

Let V = {v(j) | 1 ≤ j ≤ k} be a set of k orthonormal vectors. Turyn defined a k-symbol δ code
of length m to be a vector sequence S = (s0, s1, . . . , sm−1), with si ∈ V or −si ∈ V for each i,
such that

m−1−u
∑

i=0

si • si+u = 0 for all u satisfying 0 < u < m,

where • represents the dot product of vectors. A 2-symbol δ code constructed from the orthonormal

“symbols” v(1) := 1√
2

[

1
1

]

and v(2) := 1√
2

[

1
−1

]

corresponds to a complex modulated binary Golay

pair (c,d). This correspondence is given by forming the complex modulated binary sequence c

from the first components of the symbols ±v(1) and ±v(2) in the vector sequence S, and likewise
forming the sequence d from the second components. Thus, the occurrence of ±v(1) corresponds
to ci = di, and the occurrence of ±v(2) corresponds to ci 6= di. For example, the 2-symbol δ code

S = (+v(1),+v(1),+v(2),−v(2))

=
1√
2

([

1
1

]

,

[

1
1

]

,

[

1
−1

]

,

[

−1
1

])

corresponds to the sequences 1√
2
c, 1√

2
d, where

c = (1, 1, 1,−1),

d = (1, 1,−1, 1),

and (c,d) form a complex modulated binary Golay pair (having symbols from {1,−1} rather than
from Z2). (The definition of a 2-symbol δ code and its correspondence with a complex modulated
binary Golay pair was given prior to [16] by Welti [17], using the name “quaternary code”.) Turyn
proved there exists a k-symbol δ code of length m1m2 for even k, provided that there exists a
k-symbol δ code of length m1 and a 2-symbol δ code of length m2. In the case k = 2, page 320
of [16] (after setting (a, b, c,d) = (A,−B∗,X, Y ) and recalling that B∗ represents the complex
conjugate of the reversal of a complex modulated sequence B) gives the following construction for
complex modulated binary Golay pairs. Let (a, b) and (c,d) be complex modulated binary Golay
pairs of length n and s respectively, and let S be the 2-symbol δ code corresponding to (c,d) via

the symbols v(1) and v(2). Construct a sequence S′ consisting of vectors ±v(3) := ± 1
a·a+b·b

[

a

−b∗

]
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and ±v(4) := ± 1
a·a+b·b

[

b

a∗

]

by replacing every occurrence of ±v(1) (ci = di) in S with ±v(3), and

every occurrence of ±v(2) (ci 6= di) by ±v(4). Then S′ is a 2-symbol δ code of length sn. For the
complex modulated binary example above we get

S′ = (+v(3),+v(3),+v(4),−v(4))

=
1

a · a + b · b

([

a

−b∗

]

,

[

a

−b∗

]

,

[

b

a∗

]

,

[

−b

−a∗

])

.

Switching to the Z2 form for binary sequences, this example shows that if (a, b) is a binary Golay
pair of length n over Z2 then

f =
[

(a + ) (a + ) (b + ) (b + 1 · )
]

forms a binary Golay pair of length 4n with

g =
[

(b∗ + 1 · ) (b∗ + 1 · ) (a∗ + ) (a∗ + 1 · )
]

.

Since g∗ + 1 ·  has an identical autocorrelation function to g, this implies that f also forms a
binary Golay pair with

g∗ + 1 ·  =
[

(a + ) (a + 1 · ) (b + ) (b + )
]

.

We consider it easier to work with the pair (f ,g∗ + 1 · ) than the pair (f ,g) suggested by [16].
The reason is that f and g∗ + 1 ·  are both obtained through concatenation of the sequences
(regarded as blocks) of the binary Golay pair (a, b). Moreover the sequences c and d∗ of length s
over Z2 can be recognized in the forms for f and g∗ + 1 · , while the placement of a or b in f and
g∗+1 · depends only on the positions at which c and d coincide. This result is a key construction
for Golay pairs which we will present in more general form in Lemma 3.

The description on page 320 of [16] involves a non-standard interpretation of the Kronecker
product. With the standard Kronecker product, the constructed sequences f and g∗ +1 · involve
the interleaving rather than the concatenation of sequences. We will present this variation in more
general form in Lemma 4. We regard both interpretations (namely the case H = 2 of Lemmas 3
and 4) as “Turyn’s construction”.

Page 320 of [16] contains, in addition to the formula explained above for k = 2, an algorithmic
description of the construction for k-symbol δ codes for general k. In the cases k > 2 these codes
do not correspond to complex modulated Golay pairs, but we found the algorithmic description
useful in determining the form of Lemmas 3 and 4 for general H.

4 Constructive framework

In this section we develop variations on Turyn’s construction, in which Golay pairs (c,d) are
used to control the creation of new Golay pairs (f ,g) from an arbitrary Golay pair (a, b). The
constuctions will be presented using the matrix notation introduced in Section 2. The controlling
pair (c,d) need not be binary; it is sufficient that c − d is the lifting of a binary sequence to ZH .
As throughout, H is an even positive integer and ξ is a primitive H-th root of unity.
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4.1 Two variations on Turyn’s construction

In this subsection we present two variations on Turyn’s construction. We begin with the first
variation, in which the matrices determining f and g have size 1 × s so that f and g are each the
concatenation of s sequences.

Lemma 3. Let (a, b) be a Golay pair of length n over ZH . Let c = (c0, c1, . . . , cs−1) and d =
(d0, d1, . . . , ds−1) be a Golay pair of length s over ZH for which c − d is the lifting of a binary
sequence to ZH . Define length n sequences

δ(i) :=

{

a + ci ·  if ci = di

b + ci ·  if ci 6= di,

δ′(i) :=

{

a + d∗i ·  if d∗i 6= c∗i
b + d∗i ·  if d∗i = c∗i ,

where d∗i := (d∗)i. Then the sequence f obtained from the 1 × s matrix

M :=
[

δ(0) δ(1) · · · δ(s − 1)
]

forms a Golay pair of length sn over ZH with the sequence g obtained from the 1 × s matrix

M ′ :=
[

δ′(0) δ′(1) · · · δ′(s − 1)
]

.

Proof. f and g are clearly sequences of length sn over ZH . Let A(x), B(x), C(x), D(x), C∗(x),
and D∗(x) denote the generating function associated with a, b, c, d, c∗, and d∗, respectively. For
each i, by assumption di = ci or di = ci + H/2. Therefore the coefficient of xi in C(x) + D(x) is
2ξci if ci = di and 0 otherwise; and the coefficient of xi in C(x) − D(x) is 2ξci if ci 6= di and 0
otherwise. So the generating function associated with f is

F (x) = A(x)
C(xn) + D(xn)

2
+ B(x)

C(xn) − D(xn)

2
,

and similarly the generating function associated with g is

G(x) = A(x)
D∗(xn) − C∗(xn)

2
+ B(x)

D∗(xn) + C∗(xn)

2
.

But for any generating functions Y (x), Z(x) associated with sequences of the same length, straight-
forward manipulation shows that Y ∗(x)Z∗(x−1) = Y (x−1)Z(x). It follows that

F (x)F (x−1) + G(x)G(x−1) = 2sn,

so (f ,g) form a Golay pair.

For example, the quaternary sequences

a = (0, 1, 2, 1)
b = (0, 1, 0, 3)

}

(5)

form a Golay pair, and the quaternary sequences

c = (0, 0, 0, 2)
d = (0, 0, 2, 0)

}

(6)

9



form a Golay pair for which c−d = (0, 0, 2, 2) is the lifting of a binary sequence to Z4. By Lemma 3,
the sequences

f = (0, 1, 2, 1, 0, 1, 2, 1, 0, 1, 0, 3, 2, 3, 2, 1)

g = (0, 1, 2, 1, 2, 3, 0, 3, 0, 1, 0, 3, 0, 1, 0, 3)

obtained from the respective matrices

M =
[

(a + ) (a + ) (b + ) (b + 2 · )
]

M ′ =
[

(a + ) (a + 2 · ) (b + ) (b + )
]

then form a quaternary Golay pair of length 16.
In the special case s = 2 and c = (0,H/2), d = (0, 0) of Lemma 3, the constructed sequences

are f =
[

a (b + H/2 · )
]

and g =
[

a b
]

. This is Golay’s concatenation construction [8, (9)].
We next present the second variation on Turyn’s construction, in which the matrices determin-

ing f and g have size r × 1 so that f and g are each the interleaving of r sequences.

Lemma 4. Let (a, b) be a Golay pair of length n over ZH. Let c = (c0, c1, . . . , cr−1) and d =
(d0, d1, . . . , dr−1) be a Golay pair of length r over ZH for which c − d is the lifting of a binary
sequence to ZH . Define length n sequences

δ(i) :=

{

a + ci ·  if ci = di

b + ci ·  if ci 6= di,

δ′(i) :=

{

a + d∗i ·  if d∗i 6= c∗i
b + d∗i ·  if d∗i = c∗i ,

where d∗i := (d∗)i. Then the sequence f obtained from the r × 1 matrix

M :=











δ(0)
δ(1)

...
δ(r − 1)











forms a Golay pair of length rn over ZH with the sequence g obtained from the r × 1 matrix

M ′ :=











δ′(0)
δ′(1)

...
δ′(r − 1)











.

Proof. The proof is similar to that of Lemma 3. The generating functions associated with f and g

are

F (x) = A(xr)
C(x) + D(x)

2
+ B(xr)

C(x) − D(x)

2

G(x) = A(xr)
D∗(x) − C∗(x)

2
+ B(xr)

D∗(x) + C∗(x)

2
,

respectively, and these functions form a complementary pair.
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For example, consider again the Golay pairs (a, b) and (c,d) in (5) and (6) respectively. By
Lemma 4, the sequences

f ′ = (0, 0, 0, 2, 1, 1, 1, 3, 2, 2, 0, 2, 1, 1, 3, 1)

g′ = (0, 2, 0, 0, 1, 3, 1, 1, 2, 0, 0, 0, 1, 3, 3, 3)

obtained from the respective matrices

M =









(a + )
(a + )
(b + )

(b + 2 · )









=









(0, 1, 2, 1)
(0, 1, 2, 1)
(0, 1, 0, 3)
(2, 3, 2, 1)









M ′ =









(a + )
(a + 2 · )
(b + )
(b + )









=









(0, 1, 2, 1)
(2, 3, 0, 3)
(0, 1, 0, 3)
(0, 1, 0, 3)









form a quaternary Golay pair of length 16.
In the special case r = 2 and c = (0,H/2), d = (0, 0) of Lemma 4, the constructed sequence

f is the elementwise interleaving of a and b + H/2 · , and g is the elementwise interleaving of a

and b. This is Golay’s interleaving construction [8, (10)].
We will refer to the pair (a, b) of Lemmas 3 and 4 (and later Lemmas 5 and 7) as the seed

pair , and to (c,d) as the controlling pair. To emphasize that Lemmas 3 and 4 are not restricted
to Golay pairs whose length is a power of 2, for example let (a, b) be the quaternary Golay pair of
length 3 with a = (0, 0, 2) and b = (0, 1, 0), and let (c,d) be the quaternary Golay pair of length
6 with c = (0, 0, 2, 0, 1, 0) and d = (0, 0, 2, 2, 3, 2). Then

f =
[

(a + ) (a + ) (a + 2 · ) (b + ) (b + 1 · ) (b + )
]

= (0, 0, 2, 0, 0, 2, 2, 2, 0, 0, 1, 0, 1, 2, 1, 0, 1, 0)

is a quaternary Golay sequence of length 18 by Lemma 3, and

f ′ =

















(a + )
(a + )

(a + 2 · )
(b + )

(b + 1 · )
(b + )

















= (0, 0, 2, 0, 1, 0, 0, 0, 2, 1, 2, 1, 2, 2, 0, 0, 1, 0)

is a quaternary Golay sequence of length 18 by Lemma 4. Since there are binary Golay pairs of
length 2, 10 [8] and 26 [9], by repeated application of Lemmas 3 and 4 we can similarly construct
quaternary Golay pairs for a variety of lengths that are not powers of 2, for example length 3·103 ·24

or 6 · 262 · 10 · 22.
Lemma 3 can easily be modified to the case of complex modulated sequences a, b, c,d of ar-

bitrary complex numbers, using the complex modulated definition of aperiodic autocorrelation
function and generating function mentioned in Section 2. The condition on c,d is that, for each i,
ci = di or ci = −di. Each δ(i) is then defined to be cia if ci = di, and cib if ci = −di; the definition
of δ′(i) is similar. The rest of the proof resembles that of Lemma 3, and in particular the generating
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functions F (x) and G(x) are given by the same equations. Lemma 4 can likewise be modified for
sequences of arbitrary complex numbers.

The construction of Lemmas 3 and 4 is governed by matrices consisting of a single row and a
single column respectively. In Lemma 5 we shall present a further variation of Turyn’s construction
in which the matrices have the more general size 2t × 2m−t for any integer t satisfying 0 ≤ t ≤ m.
In exchange for this additional freedom, the controlling Golay pair (c,d) will be restricted to be
standard (and, in particular, of length 2m).

4.2 Budǐsin’s construction

In this subsection we describe Budǐsin’s iterative construction for a standard Golay pair from an
initial Golay pair of length 1, in preparation for the proof of Lemma 5.

Let c = (c0, c1, . . . , c2m−1) and d = (d0, d1, . . . , d2m−1) be a standard Golay pair of length 2m

over ZH , satisfying (1) for some permutation π of {1, . . . ,m} and e′0, e0, e1, . . . , em ∈ ZH ; assume
by suitable choice of e′0 that c0 = d∗0. Budǐsin’s construction produces the standard Golay pair
(c,d∗) of length 2m iteratively from the initial Golay pair ((c0), (c0)) of length 1. At step 0, form
the complementary function pair

C(0)(x) := ξc0

D∗(0)(x) := ξc0.

At step ℓ + 1 (for 0 ≤ ℓ < m), construct the complementary function pair

C(ℓ+1)(x) := C(ℓ)(x) + ξeπ(ℓ+1)D∗(ℓ)(x)x2m−π(ℓ+1)

D∗(ℓ+1)(x) := C(ℓ)(x) − ξeπ(ℓ+1)D∗(ℓ)(x)x2m−π(ℓ+1)

}

. (7)

Then C(m)(x) and D∗(m)(x) are the generating function for c and d∗ respectively.
We can view the sequence elements of c and d∗ as being filled in at step ℓ+1 to form sequences

c(ℓ+1) and d∗(ℓ+1) corresponding to C(ℓ+1)(x) and D∗(ℓ+1)(x) respectively. In this process the
sequence elements of c do not change once filled in, whereas the sequence elements of d∗ are
finalized only at the last step. (In [2], the sequence (ξeπ(1) , . . . , ξeπ(m)) is called the W -vector, and
the sequence (m − π(1), . . . ,m − π(m)) is called the permutation vector P . We have modified the
initial complementary function pair trivially, from the pair ((1), (1)) specified in [2] to the pair
((ξc0), (ξc0)).)

For example, take H = 4, m = 4, (π(1), π(2), π(3), π(4)) = (3, 4, 1, 2), (e1, e2, e3, e4) =
(3, 0, 2, 1), and (e0, e

′
0) = (0, 2) in (1) to give the standard length 16 quaternary Golay pair

c = 2(x3x4 + x4x1 + x1x2) + 3x1 + 2x3 + x4

= (0, 1, 2, 1, 0, 1, 2, 1, 3, 2, 1, 2, 1, 0, 3, 0)

d = 2(x3x4 + x4x1 + x1x2) + 3x1 + x4 + 2

= (2, 3, 2, 1, 2, 3, 2, 1, 1, 0, 1, 2, 3, 2, 3, 0)

that satisfies c0 = d∗0. We shall now construct the pair (c,d∗) using Budǐsin’s construction.
At step ℓ + 1 we add to (and subtract from) C(ℓ)(x) a “shift” of the term ξeπ(ℓ+1)D∗(ℓ)(x) by

x2m−π(ℓ+1)
, according to (7). Using the values (ξeπ(1) , ξeπ(2) , ξeπ(3) , ξeπ(4)) = (ξ2, ξ1, ξ3, ξ0) and
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(x2m−π(1)
, x2m−π(2)

, x2m−π(3)
, x2m−π(4)

) = (x2, x1, x8, x4), we obtain

c(0) = (0 · · · · · · · · · · · · · · ·)
d∗(0) = (0 · · · · · · · · · · · · · · ·)
c(1) = (0 · 2 · · · · · · · · · · · · ·)

d∗(1) = (0 · 0 · · · · · · · · · · · · ·)
c(2) = (0 1 2 1 · · · · · · · · · · · ·)

d∗(2) = (0 3 2 3 · · · · · · · · · · · ·)
c(3) = (0 1 2 1 · · · · 3 2 1 2 · · · ·)

d∗(3) = (0 1 2 1 · · · · 1 0 3 0 · · · ·)
c = c(4) = (0 1 2 1 0 1 2 1 3 2 1 2 1 0 3 0)

d∗ = d∗(4) = (0 1 2 1 2 3 0 3 3 2 1 2 3 2 1 2).

4.3 A third variation on Turyn’s construction

In this subsection we give a third variation on Turyn’s construction, Lemma 5, in which the matrices
determining the constructed Golay pair (f ,g) have size 2t × 2m−t for any integer t satisfying
0 ≤ t ≤ m. To prove the correctness of this construction we shall modify Budǐsin’s iterative
construction of Section 4.2, replacing the initial Golay pair ((c0), (c0)) by an arbitrary Golay pair
(a+c0 ·, b+c0 ·). The proof indicates that Budǐsin’s construction can itself be recast to resemble
Turyn’s construction. (At the end of this subsection we shall show that the conditions in Lemma 5
involving the variable iπ(1) have an alternative formulation in terms of the sequence elements ci

and di, similar to those appearing in Lemmas 3 and 4.)
We firstly illustrate the construction by means of an example with m = 4 and t = 2, which

is based on the example given in Section 4.2. This example is intended to be read in conjunction
with the proof of Lemma 5:

M (0) =









(a + ) · · ·
· · · ·
· · · ·
· · · ·









M ′(0) =









(b + ) · · ·
· · · ·
· · · ·
· · · ·









M (1) =









(a + ) · · ·
· · · ·

(b + 2 · ) · · ·
· · · ·









M ′(1) =









(a + ) · · ·
· · · ·

(b + ) · · ·
· · · ·








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M (2) =









(a + ) · · ·
(a + 1 · ) · · ·
(b + 2 · ) · · ·
(b + 1 · ) · · ·









M ′(2) =









(a + ) · · ·
(a + 3 · ) · · ·
(b + 2 · ) · · ·
(b + 3 · ) · · ·









M (3) =









(a + ) · (a + 3 · ) ·
(a + 1 · ) · (a + 2 · ) ·
(b + 2 · ) · (b + 1 · ) ·
(b + 1 · ) · (b + 2 · ) ·









M ′(3) =









(a + ) · (a + 1 · ) ·
(a + 1 · ) · (a + ) ·
(b + 2 · ) · (b + 3 · ) ·
(b + 1 · ) · (b + ) ·









M = M (4) =









(a + ) (a + ) (a + 3 · ) (a + 1 · )
(a + 1 · ) (a + 1 · ) (a + 2 · ) (a + )
(b + 2 · ) (b + 2 · ) (b + 1 · ) (b + 3 · )
(b + 1 · ) (b + 1 · ) (b + 2 · ) (b + )









M ′ = M ′(4) =









(a + ) (a + 2 · ) (a + 3 · ) (a + 3 · )
(a + 1 · ) (a + 3 · ) (a + 2 · ) (a + 2 · )
(b + 2 · ) (b + ) (b + 1 · ) (b + 1 · )
(b + 1 · ) (b + 3 · ) (b + 2 · ) (b + 2 · )









.

Lemma 5. Let (a, b) be a Golay pair of length n over ZH . Let c = (c0, c1, . . . , c2m−1) and
d = (d0, d1, . . . , d2m−1) be a standard Golay pair of length 2m over ZH, satisfying (1) for some
permutation π of {1, . . . ,m}. Write (i1, i2, . . . , im) for the binary representation of the integer i in
the range 0 ≤ i < 2m, and define length n sequences

δ(i) :=

{

a + ci ·  if iπ(1) = 0

b + ci ·  if iπ(1) = 1,

δ′(i) :=

{

a + d∗i ·  if iπ(1) = 0

b + d∗i ·  if iπ(1) = 1.

Then, for any integer t satisfying 0 ≤ t ≤ m, the sequence f obtained from the 2t × 2m−t matrix

M :=











δ(0) δ(2t) · · · δ(2m − 2t)
δ(1) δ(2t + 1)

...
. . .

...
δ(2t − 1) δ(2 · 2t − 1) · · · δ(2m − 1)











forms a Golay pair of length 2mn over ZH with the sequence g obtained from the 2t × 2m−t matrix

M ′ :=











δ′(0) δ′(2t) · · · δ′(2m − 2t)
δ′(1) δ′(2t + 1)

...
. . .

...
δ′(2t − 1) δ′(2 · 2t − 1) · · · δ′(2m − 1)











.
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Proof. We may assume that c0 = d∗0, by replacing d by d + e ·  for some e ∈ ZH if necessary: the
pair (c,d+e ·) is still a standard Golay pair, and the constructed pair (f ,g−e ·) is a Golay pair
if and only if (f ,g) is. Let A(x), B(x), F (x), and G(x) denote the generating function associated
with a, b, f , and g, respectively. We shall construct the Golay pair (f ,g) iteratively from the
initial Golay pair (a + c0 · , b + c0 · ), by mimicking Budǐsin’s construction of Section 4.2 for the
standard Golay pair (c,d∗) from the initial Golay pair ((c0), (c0)) of length 1.

We can view the entries of the matrices M and M ′ (corresponding to the sequences f and g

respectively) as being filled in by reference to (7). At step ℓ + 1 (for 0 ≤ ℓ < m) we fill in all the
sequences δ(i) and δ′(i) for which the coefficient of xi in C(ℓ+1)(x) (and therefore in D∗(ℓ+1)(x))
is nonzero, to form matrices M (ℓ+1) and M ′(ℓ+1). The entries for M do not change once filled in,
whereas the entries for M ′ are finalized only at the last step. We shall show that the generating
functions F (ℓ+1)(x) and G(ℓ+1)(x) corresponding to M (ℓ+1) and M ′(ℓ+1) form a complementary
function pair, and complete the proof by showing that F (m)(x) = F (x) and G(m)(x) = G(x).

At step 0 we set

F (0)(x) := A(x2t

) · ξc0

G(0)(x) := B(x2t

) · ξc0.

Since (a + c0 · , b + c0 · ) is a Golay pair, (F (0)(x), G(0)(x)) is a complementary function pair.
At step 1 we mimic the operations that yielded C(1)(x) and D∗(1)(x) in Section 4.2, by adding to
(and subtracting from) F (0)(x) an appropriate “shift” of the term ξeπ(1)G(0)(x) by some xi. The

resulting functions are F (1)(x) and G(1)(x). The shift by x2m−π(1)
in the construction of C(1)(x)

and D∗(1)(x) corresponds to a shift to the entry in row k and column j of the matrices M and M ′

for which 2m−π(1) = 2tj + k, and the adjusted shift for F (1)(x) and G(1)(x) is x2tnj+k since each
matrix entry contains a sequence of length n. By construction of c and d∗ from (7), F (0)(x) and
ξeπ(1)G(0)(x)x2tnj+k have no common support, and we obtain the two generating functions

F (1)(x) := F (0)(x) + ξeπ(1)G(0)(x)x2tnj+k

G(1)(x) := F (0)(x) − ξeπ(1)G(0)(x)x2tnj+k.

Routine calculation shows that

F (1)(x)F (1)(x−1) + G(1)(x)G(1)(x−1) = 2
(

F (0)(x)F (0)(x−1) + G(0)(x)G(0)(x−1)
)

,

and so (F (1)(x), G(1)(x)) is a complementary function pair. Since bit π(1) of 0 is 0, and bit π(1)
of 2m−π(1) is 1, we have

δ(0) = a + c0 · 
δ(2m−π(1)) = b + c2m−π(1) · 

by definition of δ(i). Thus, δ(0) matches A(x2t

) · ξc0 = F (0)(x) in F (1)(x), and δ(2m−π(1)) matches
the term B(x2t

) · ξc
2m−π(1) = B(x2t

) · ξc0+eπ(1) = ξeπ(1)G(0)(x) in F (1)(x) (using the case ℓ = 0 of (7)
to show that c0 + eπ(1) = c2m−π(1)). The iterative definition of F (1)(x) therefore coincides with that
obtained directly from δ.

This gives the pattern for an inductive proof. The inductive hypothesis is that, after step ℓ,
F (ℓ)(x) and G(ℓ)(x) form a complementary function pair; the iterative definition of F (ℓ)(x) coincides
with that obtained directly from δ; and the placement of A(x2t

) and B(x2t

) in G(ℓ)(x) matches the
placement of a and b respectively in the definition of δ. Define j and k in the range 0 ≤ j < 2m−t
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and 0 ≤ k < 2t so that 2m−π(ℓ+1) = 2tj + k. Then F (ℓ)(x) and ξeπ(ℓ+1)G(ℓ)(x)x2tnj+k have no
common support and

F (ℓ+1)(x) = F (ℓ)(x) + ξeπ(ℓ+1)G(ℓ)(x)x2tnj+k

G(ℓ+1)(x) = F (ℓ)(x) − ξeπ(ℓ+1)G(ℓ)(x)x2tnj+k

form a complementary function pair, by a similar argument to that used above.
For any i in the range 0 ≤ i < 2m, suppose δ(i) has been filled from matrix M at step ℓ + 1.

Therefore, bit π(1) in the binary representation of m − π(ℓ + 1) must be zero, and m − π(1) 6=
m − π(ℓ + 1). Hence (i + 2m−π(ℓ+1))π(1) = iπ(1), and by the inductive hypothesis the iterative

definition of F (ℓ+1)(x) coincides with that obtained directly from δ, and the placement of A(x2t

)
and B(x2t

) in the iterative definition of G(ℓ+1)(x) matches the placement of a and b respectively
in the definition of δ. This completes the induction.

The case ℓ = m−1 then shows that F (m)(x) = F (x) and G(m)(x) = G(x) form a complementary
function pair, where F (m)(x) corresponds to the complete matrix M . Since δ′(i) = δ(i)−(ci−d∗i )·,
the placements of A(x2t

) and B(x2t

) in G(x) correspond to the placements of a and b, respectively,
in δ′. And since the iterative definition of F (x) and G(x) is based on the iterative construction of
(c,d∗), G(x) corresponds to the complete matrix M ′.

For example, consider once again the Golay pairs (a, b) and (c,d) in (5) and (6) respectively.
The pair (c,d) can be obtained by taking H = 4, m = 2, (π(1), π(2)) = (1, 2), (e1, e2) = (0, 0), and
(e0, e

′
0) = (0, 0) in (1). By Lemma 5 with m = 2 and t = 1, the sequences

f ′′ = (0, 0, 1, 1, 2, 2, 1, 1, 0, 2, 1, 3, 0, 2, 3, 1)

g′′ = (0, 2, 1, 3, 2, 0, 1, 3, 0, 0, 1, 1, 0, 0, 3, 3)

obtained from the respective matrices

M =

[

(a + ) (b + )
(a + ) (b + 2 · )

]

=

[

(0, 1, 2, 1) (0, 1, 0, 3)
(0, 1, 2, 1) (2, 3, 2, 1)

]

M ′ =

[

(a + ) (b + )
(a + 2 · ) (b + )

]

=

[

(0, 1, 2, 1) (0, 1, 0, 3)
(2, 3, 0, 3) (0, 1, 0, 3)

]

form a quaternary Golay pair of length 16.
The intersections of Lemmas 3, 4 and 5 are shown in Figure 2. We claim that, given e0 = e′0

in (1), Lemma 5 becomes a special case of Lemma 3 when t = 0, and a special case of Lemma 4 when
t = m. To establish this we need to show that, for a standard Golay pair (c,d) of length 2m over ZH ,
the conditions controlling the choice of sequence elements in the three lemmas are equivalent, which
follows from the equivalence of the following statements: iπ(1) = 0, ci = di, and d∗i 6= c∗i . Given
that e0 = e′0, from (1) we have

c − d = H/2 · xπ(1). (8)

Recall from Section 2 that xπ(1) is the indicator function for iπ(1) (which is bit π(1) in the binary
representation of i), so that (xπ(1))i = iπ(1). Therefore (8) implies that ci − di = (H/2)iπ(1), and
taking negative reversals of (8) likewise implies that d∗i − c∗i = (H/2)(iπ(1) − 1). This gives the
required equivalences.

4.4 An interesting example

As described in Section 1, our principal objective is to count and to construct explicitly all quater-
nary Golay sequences and pairs of length 2m obtained by applying Budǐsin’s iterative construction
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to the non-standard Golay pairs of Theorem 2. We will achieve this using Lemma 5 and its variation
Lemma 7 (to be introduced in Section 4.5). However we note here an interesting example obtained
using Lemmas 3 and 5 that achieves another of our objectives, by constructing length 2m qua-
ternary Golay sequences and pairs that cannot be obtained by iterative application of Budǐsin’s
construction to a non-standard Golay pair specified in Theorem 2. This will demonstrate that
Lemma 3 (and, by a similar example, Lemma 4) is not a special case of Lemma 5, even when its
controlling pair is restricted to have length 2m.

Example 6. Let a = (a0, a1, . . . , a7) and b = (b0, b1, . . . , b7) be the non-standard length 8 quater-
nary Golay pair

a = 2(x1x2 + x2x3)

= (0, 0, 0, 2, 0, 0, 2, 0)

b = 2(x1x2 + x1x3) + x2 + x3

= (0, 1, 1, 2, 0, 3, 3, 2),

specified in Theorem 2. Then the length 16 quaternary Golay pair

c =
[

(a + ) (b + 2 · )
]

d =
[

(a + ) (b + )
]

,

obtained from Lemma 5 (or Lemma 3) using the seed pair (a, b) and the controlling pair ((0, 2), (0, 0)),
is non-standard (and the algebraic normal form of each of c and d is a cubic polynomial [5]). Fur-
thermore c − d =

[

() (2 · )
]

is the lifting of a binary sequence to Z4.
So we can apply Lemma 3 with controlling pair (c,d) and seed pair (a, b) to obtain a length

16 · 8 = 128 quaternary Golay pair

f = [(a + a0 · ) · · · (a + a7 · ) (b + (b0 + 2) · ) · · · (b + (b7 + 2) · )]
g = [(a − b7 · ) · · · (a − b0 · ) (b − a7 · ) · · · (b − a0 · )],

(and the algebraic normal form of each of f and g is a cubic polynomial,) and the elements of the
sequence

f − g = [((a0 + b7) · ) · · · ((a7 + b0) · ) ((a7 + b0 + 2) · ) · · · ((a0 + b7 + 2) · )]

take all four values in Z4.

Now suppose, for a contradiction, that the Golay pair (f ,g) of Example 6 is the output of
Lemma 5 for some seed pair (a, b) and standard controlling pair (c,d). In the notation of that
lemma, all elements of f −g must then belong to sequences δ(i)− δ′(i) = (c−d∗)i · for varying i.
Since (c,d) is a standard Golay pair, the relations (2) show that

c − d∗ = H/2 · xπ(m) + e ·  for some e ∈ ZH . (9)

Therefore the elements of f −g take values only in {e, e+H/2} for some e ∈ ZH . This contradicts
the conclusion of Example 6.

Therefore the Golay pair (f ,g) of Example 6 is not just non-standard: it cannot be the output
of Lemma 5, nor of Lemma 7 by a similar argument, nor of any other published construction for
Golay sequences of which we are aware. (It is also easily verified by computer that there is no
length 128 quaternary sequence g′ forming a Golay pair with the sequence f of Example 6 such
that f − g′ is a two-valued sequence.)
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Example 6 can be generalized in several ways to give further examples of quaternary Golay
pairs (f ,g) for which the elements of f − g take more than two values. Lemma 4 can be used
instead of Lemma 3. The seed pair (a, b) used in the final application of Lemma 3 can be replaced
by a different non-standard pair specified in Theorem 2, by the output of Theorem 10, or even
by these further examples themselves. The controlling pair (c,d) used in the final application of
Lemma 3 can be of length 2m · 16 for any m ≥ 0, by applying Lemma 5 iteratively with controlling
pair ((0, 2), (0, 0)) and initial seed pair (a, b). In this way we obtain quaternary Golay pairs of
length 2m · 16 · 8 = 2m+7 for all m ≥ 0, and these pairs cannot be produced using any other known
constructions. Figure 3 illustrates these generalizations of Example 6.

4.5 Negative reversals

In this subsection we complete the framework of constructions by modifying Lemma 5 to use the
negative reversals a∗ and b∗ of the seed pair sequences, as well as the sequences a and b themselves.
This allows the construction of Golay pairs that cannot be obtained with Lemma 5.

We then indicate by example that this modification corresponds to replacing some intermediate
sequence in the iterative proof of Lemma 5 by its negative reversal. Since the aperiodic autocorre-
lation function of a sequence does not change under negative reversal, the remaining iterations of
the construction still produce a Golay pair. This modification of Lemma 5, presented as Lemma 7,
is not needed to produce the standard Golay pairs of length 2m over ZH , but will be required to
construct additional families of non-standard quaternary Golay pairs of length 2m in Section 5.

Lemma 7. Let (a, b) be a Golay pair of length n over ZH . Let c = (c0, c1, . . . , c2m−1) and
d = (d0, d1, . . . , d2m−1) be a standard Golay pair of length 2m over ZH, satisfying (1) for some
permutation π of {1, . . . ,m} and e′0, e0, e1, . . . , em ∈ ZH . Write (i1, i2, . . . , im) for the binary rep-
resentation of the integer i in the range 0 ≤ i < 2m, and let ℓ be an integer in the range 2 ≤ ℓ ≤ m.
Define length n sequences

δ(i) :=























a + ci ·  if iπ(ℓ−1) = 0 and iπ(ℓ) = 0

b + ci ·  if iπ(ℓ−1) = 1 and iπ(ℓ) = 0

b∗ + ci ·  if iπ(ℓ−1) = 0 and iπ(ℓ) = 1

a∗ + ci ·  if iπ(ℓ−1) = 1 and iπ(ℓ) = 1,

δ′(i) :=























a + d∗i ·  if iπ(ℓ−1) = 0 and iπ(ℓ) = 0

b + d∗i ·  if iπ(ℓ−1) = 1 and iπ(ℓ) = 0

b∗ + d∗i ·  if iπ(ℓ−1) = 0 and iπ(ℓ) = 1

a∗ + d∗i ·  if iπ(ℓ−1) = 1 and iπ(ℓ) = 1.

Then, for any integer t satisfying 0 ≤ t ≤ m, the sequence f obtained from the 2t × 2m−t matrix

M :=











δ(0) δ(2t) · · · δ(2m − 2t)
δ(1) δ(2t + 1)

...
. . .

...
δ(2t − 1) δ(2 · 2t − 1) · · · δ(2m − 1)











forms a Golay pair of length 2mn over ZH with the sequence g obtained from the 2t × 2m−t matrix

M ′ :=











δ′(0) δ′(2t) · · · δ′(2m − 2t)
δ′(1) δ′(2t + 1)

...
. . .

...
δ′(2t − 1) δ′(2 · 2t − 1) · · · δ′(2m − 1)











.
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Proof. The proof is similar to that of Lemma 5.

For example, take H = 4, m = 4, (π(1), π(2), π(3), π(4)) = (4, 3, 1, 2), (e1, e2, e3, e4) =
(0, 0, 2, 1), and (e0, e

′
0) = (0, 1) in (1) to give the standard length 16 quaternary Golay pair

c = (0, 1, 2, 1, 0, 1, 2, 1, 0, 1, 0, 3, 2, 3, 2, 1)

d = (1, 0, 3, 0, 1, 0, 3, 0, 1, 0, 1, 2, 3, 2, 3, 0),

and use this standard pair in Lemma 7 with ℓ = 3 and t = 2 to obtain the sequences f , g of a
Golay pair from the respective matrices

M =









(a + ) (a + ) (b∗ + ) (b∗ + 2 · )
(a + 1 · ) (a + 1 · ) (b∗ + 1 · ) (b∗ + 3 · )
(b + 2 · ) (b + 2 · ) (a∗ + ) (a∗ + 2 · )
(b + 1 · ) (b + 1 · ) (a∗ + 3 · ) (a∗ + 1 · )









M ′ =









(a + ) (a + 2 · ) (b∗ + ) (b∗ + )
(a + 1 · ) (a + 3 · ) (b∗ + 1 · ) (b∗ + 1 · )
(b + 2 · ) (b + ) (a∗ + ) (a∗ + )
(b + 1 · ) (b + 3 · ) (a∗ + 3 · ) (a∗ + 3 · )









.

We now show that the same Golay pair (f ,g) can alternatively be obtained from the itera-
tive construction given in the proof of Lemma 5 (using a different permutation π̃), by replacing
the intermediate sequence corresponding to the matrix M ′(2) in that construction by its negative
reversal. Take H = 4, m = 4, and t = 2 again, and let (π̃(1), π̃(2), π̃(3), π̃(4)) = (3, 4, 1, 2),
(ẽ1, ẽ2, ẽ3, ẽ4) = (3, 0, 2, 1), and (ẽ0, ẽ0

′) = (0, 2). This produces the standard length 16 quaternary
Golay pair (c,d) previously given as an example in Section 4.2 and, as seen in Section 4.3, steps 1
and 2 of the iterative construction lead to the intermediate matrices

M (2) =









(a + ) · · ·
(a + 1 · ) · · ·
(b + 2 · ) · · ·
(b + 1 · ) · · ·









M ′(2) =









(a + ) · · ·
(a + 3 · ) · · ·
(b + 2 · ) · · ·
(b + 3 · ) · · ·









.

We now replace the sequence corresponding to M ′(2) by its negative reversal, so that M ′(2) is
replaced by









(b∗ + 1 · ) · · ·
(b∗ + 2 · ) · · ·
(a∗ + 1 · ) · · ·
(a∗ + ) · · ·









.
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Proceeding with the iterative construction, we now find at step 3 that

M (3) =









(a + ) · (b∗ + ) ·
(a + 1 · ) · (b∗ + 1 · ) ·
(b + 2 · ) · (a∗ + ) ·
(b + 1 · ) · (a∗ + 3 · ) ·









M ′(3) =









(a + ) · (b∗ + 2 · ) ·
(a + 1 · ) · (b∗ + 3 · ) ·
(b + 2 · ) · (a∗ + 2 · ) ·
(b + 1 · ) · (a∗ + 1 · ) ·









,

and at step 4 we obtain M (4) = M and M ′(4) = M ′ as claimed.
For given H, m and t, suppose the permutation π and constants e0, e1, . . . , em are used in

Lemma 7 with the value ℓ. Define the permutation σ by

σ = (1, ℓ − 1)(2, ℓ − 2) · · · (⌊(ℓ − 1)/2⌋, ⌈(ℓ + 1)/2⌉).

Then we can show that in general the resulting Golay pair (f ,g) can also be obtained from Lemma 5
using the permutation π̃(i) := π(σ(i)) and constants ẽ0, ẽ1, . . . , ẽm, where

ẽπ̃(i) = eπ̃(i) for i 6= ℓ

ẽπ̃(ℓ) = cPℓ
i=1 2m−π(i) − c2m−π(ℓ)

ẽ0 = e0,

by replacing the sequence G(ℓ−1)(x) corresponding to M ′(ℓ−1) by its negative reversal prior to step ℓ
(in which F (ℓ)(x) and G(ℓ)(x) are determined). We can also show that at most one negative reversal
is sufficient for construction purposes: introducing further negative reversals of intermediate se-
quences in the iterative construction does not lead to any more Golay pairs. These two statements
imply that Lemma 7 encapsulates the effect of taking arbitrary negative reversals of intermediate
sequences in the iterative construction described in the proof of Lemma 5. We omit the proofs as
they are rather involved, and are not required in the construction of families of Golay sequences
and pairs in Section 5.

For a fixed value of m, the sequences obtained from Lemma 5 are identical to those obtained
from Lemma 7 in some cases (for example when (a, b) varies over all standard pairs of a given length
and (c,d) varies over all standard pairs of length 2m), but are disjoint in others (for example the
sequences constructed in Theorem 10, which arise from certain non-standard pairs (a, b)).

5 Spawned sequences and pairs

In this section we determine explicitly the algebraic normal form of the Golay sequences and pairs
of length 2m+r (m ≥ 1) that are spawned by an arbitrary seed pair (a, b) of length 2r under either
of Lemmas 5 and 7. We then apply this result to the non-standard quaternary Golay pairs given
in Theorem 2.

Throughout this section we take the seed pair (a, b) to have length 2r. We begin by determining
the algebraic normal form of the Golay pairs (f ,g) that can be constructed from the case t = 0 of
Lemma 5 or 7.

Lemma 8. Let (a, b) be a Golay pair of length 2r over ZH and let c be a standard Golay sequence
of length 2m over ZH satisfying (1) for some permutation π of {1, 2, . . . ,m). Let a(x1, x2, . . . , xr),
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b(x1, x2, . . . , xr), c(x1, x2, . . . , xm) be the algebraic normal form of a, b, c respectively, and let ℓ be
an integer in the range 2 ≤ ℓ ≤ m. Then, for any e ∈ ZH , the sequence pair







f(x1, x2, . . . , xm+r)

f(x1, x2, . . . , xm+r) +
H

2
xπ(m) + e

is a Golay pair of length 2m+r over ZH , where

f(x1, x2, . . . , xm+r) := a(xm+1, xm+2, . . . , xm+r) · (1 − xπ(1))

+ b(xm+1, xm+2, . . . , xm+r) · xπ(1)

+ c(x1, x2, . . . , xm)

is produced by the case t = 0 of Lemma 5, or alternatively

f(x1, x2, . . . , xm+r) := a(xm+1, xm+2, . . . , xm+r) · (1 − xπ(ℓ−1)) · (1 − xπ(ℓ))

+ b(xm+1, xm+2, . . . , xm+r) · xπ(ℓ−1) · (1 − xπ(ℓ))

+ b∗(xm+1, xm+2, . . . , xm+r) · (1 − xπ(ℓ−1)) · xπ(ℓ)

+ a∗(xm+1, xm+2, . . . , xm+r) · xπ(ℓ−1) · xπ(ℓ)

+ c(x1, x2, . . . , xm)

is produced by the case t = 0 of Lemma 7.

Proof. We give the proof for the case t = 0 of Lemma 5; the proof for Lemma 7 is similar. For
any e′0 ∈ ZH , the sequence c forms a standard Golay pair with a sequence d satisfying (1). By
(9), we can choose e′0 so that the algebraic normal form of d∗ is given by d∗(x1, x2, . . . , xm) =
c(x1, x2, . . . , xm) + (H/2)xπ(m) + e. We then apply the case t = 0 of Lemma 5, using (a, b) as the
seed pair and (c,d) as the controlling pair, to produce the Golay pair (f ,g).

Let (i1, i2, . . . , im) be the binary representation of the integer i in the range 0 ≤ i < 2m. The
sequence f is formed by placing a copy of a whenever iπ(1) = 0 and a copy of b whenever iπ(1) = 1,
and then adding the sequence (c0 · , c1 · , . . . , c2m−1 · ). Since xj is the indicator function for ij ,
this gives the claimed algebraic normal form f(x1, x2, . . . , xm+r) of f .

The same analysis holds for g, except that the sequence (d∗0 · , d∗1 · , . . . , d∗2m−1 · ) is added
instead of (c0 · , c1 · , . . . , c2m−1 · ).

We next relate the algebraic normal form of the Golay pairs (f ,g) that can be constructed
from Lemma 5 or 7 for general t (satisfying 0 ≤ t ≤ m) to the form for the case t = 0 determined
in Lemma 8.

Lemma 9. Let (f(x1, x2, . . . , xm+r), g(x1, x2, . . . , xm+r)) be a Golay pair of length 2m+r produced
by the case t = 0 of Lemma 5 or 7, using a seed pair (a, b) of length 2r over ZH and a controlling
pair (c,d) of length 2m over ZH satisfying (1). Let (f ′,g′) be the Golay pair produced under the
same conditions, but for general t satisfying 0 ≤ t ≤ m. Then the algebraic normal form of f ′, g′

is respectively

f(xφ(1), xφ(2), . . . , xφ(m+r)),

g(xφ(1), xφ(2), . . . , xφ(m+r)),

where φ is the permutation of {1, 2, . . . ,m + r} given by

φ(i) =











i if 1 ≤ i ≤ m − t

i + r if m − t + 1 ≤ i ≤ m

i − t if m + 1 ≤ i ≤ m + r.

(10)

21



Proof. We give the proof for f ′; the proof for g′ is very similar. There is nothing to prove for t = 0
so fix t > 0, and fix integers k, ℓ, p satisfying 0 ≤ k < 2t, 0 ≤ ℓ < 2m−t, 0 ≤ p < 2r.

Let Mf be the 1 × 2m matrix corresponding to f and let Mf ′ be the 2t × 2m−t matrix corre-
sponding to f ′, as in Lemma 5 or 7. The sequences f and f ′ are obtained by reading the entries of
these matrices column by column, and so the sequence δ(2tℓ+k) occurs in row 0 and column 2tℓ+k
of Mf , and in row k and column ℓ of Mf ′ . Since each sequence δ(i) has length 2r, it follows that
entry p of the sequence δ(2tℓ + k) occurs in

position i := (2tℓ + k)2r + p of f (11)

and in

position i′ := (2tℓ)2r + (2t)p + k of f ′. (12)

Let (i1, i2, . . . , im+r) be the binary representation of i =
∑m+r

j=1 2m+r−jij , which by (11) we can
depict in block form as:

ℓ

(m − t) bits

?

i1

k

t bits

?

im−t+1

p

r bits

?

im+1

?

im+r

Similarly, by (12) we can depict the binary representation of i′ as:

ℓ

(m − t) bits

?

i′1

p

r bits

?

i′m−t+1

k

t bits

?

i′m−t+r+1

?

i′m+r

in which the two rightmost blocks of bits of i have been interchanged.
Since xj is the indicator function for ij and i′j, and f(x1, x2, . . . , xm+r) is the algebraic normal

form of f , it follows that the algebraic normal form of f ′ is

f(xφ(1), xφ(2), . . . , xφ(m+r))

(so, for example, each occurrence of bit m − t + 1 in i is replaced by bit m − t + r + 1 in i′).

For example, consider again the constructed Golay pairs (f ,g), (f ′,g′), and (f ′′,g′′) given
directly after the proof of Lemmas 3, 4 and 5 respectively, all of which can be obtained from
Lemma 5 with m = r = 2 and with t = 0, t = 1, and t = 2 respectively. The case t = 0 is given by

f = (0, 1, 2, 1, 0, 1, 2, 1, 0, 1, 0, 3, 2, 3, 2, 1),

so that

f(x1, x2, x3, x4) = 2(x1x2 + x1x3 + x3x4) + 2x3 + x4.
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The case t = 1 is given by

f ′′ = (0, 0, 1, 1, 2, 2, 1, 1, 0, 2, 1, 3, 0, 2, 3, 1)

= 2(x1x4 + x1x2 + x2x3) + 2x2 + x3

= f(x1, x4, x2, x3),

and the case t = 2 is given by

f ′ = (0, 0, 0, 2, 1, 1, 1, 3, 2, 2, 0, 2, 1, 1, 3, 1)

= 2(x3x4 + x3x1 + x1x2) + 2x1 + x2

= f(x3, x4, x1, x2),

in accordance with Lemma 9. Similarly we have g(x1, x2, x3, x4) = f(x1, x2, x3, x4) + 2x2 and
g′′ = g(x1, x4, x2, x3), g′ = g(x3, x4, x1, x2).

We have now assembled all the ingredients needed to achieve our principal objective, namely
to determine explicitly the quaternary Golay sequences and pairs of length 2m+3 (m ≥ 1) obtained
by applying Lemmas 5 and 7 to the 512 non-standard quaternary ordered Golay seed pairs (a, b)
of length 8 described in Theorem 2.

Theorem 10. Let m ≥ 1 be an integer, and let t and ℓ be integers in the range 0 ≤ t ≤ m and
2 ≤ ℓ ≤ m. Let τ be a bijection between {1, . . . ,m} and {1, . . . ,m+3}\{m−t+1,m−t+2,m−t+3}.
Then, for any e, e0, e1, . . . , em ∈ Z4 and u0, u1, u2, u3 ∈ Z2, the sequence pair

{

f(x1, x2, . . . , xm+3)

f(x1, x2, . . . , xm+3) + 2xτ(m) + e

is a non-standard quaternary Golay pair of length 2m+3, where f(x1, x2, . . . , xm+3) takes any one
of the four forms:

f1(x1, x2, . . . , xm+3) + 2xm−t+2xm−t+3

+ 2u0xm−t+1 + 2u3xm−t+2 + (2u0 + 2u2 + u3)xm−t+3; (13)

f1(x1, x2, . . . , xm+3) + 2xm−t+1xm−t+3 + 2xm−t+2xτ(1) + 2xm−t+3xτ(1)

+ (2u1 + 2u2 + 2u3 + 1)xm−t+2 + (2u1 + u3 + 1)xm−t+3; (14)

f2(x1, x2, . . . , xm+3) + 2xm−t+2xm−t+3

+ 2u0xm−t+1 + 2u3xm−t+2 + (2u0 + 2u2 + u3)xm−t+3; (15)

f2(x1, x2, . . . , xm+3) + 2xm−t+1xm−t+3 + 2xm−t+2xτ(ℓ−1) + 2xm−t+3xτ(ℓ−1)

+ 2xm−t+1xτ(ℓ) + 2xm−t+3xτ(ℓ) + (2u1 + 2u2 + 2u3 + 1)xm−t+2 + (2u1 + u3 + 1)xm−t+3, (16)

where

f1(x1, x2, . . . , xm+3) := 2xm−t+1xm−t+3xτ(1) + 2xm−t+2xm−t+3xτ(1)

+ 2xm−t+1xm−t+2 + 2u0xm−t+1xτ(1) + (2u1 + 2u2 + 1)xm−t+2xτ(1)

+ (2u0 + 2u1 + 2u2 + 1)xm−t+3xτ(1) + 2
m−1
∑

k=1

xτ(k)xτ(k+1) +
m

∑

k=1

ekxτ(k) + e0
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and

f2(x1, x2, . . . , xm+3) := 2xm−t+1xm−t+3xτ(ℓ−1) + 2xm−t+2xm−t+3xτ(ℓ−1) + 2xm−t+1xm−t+3xτ(ℓ)

+ 2xm−t+2xm−t+3xτ(ℓ) + 2xm−t+1xτ(ℓ−1)xτ(ℓ) + 2xm−t+3xτ(ℓ−1)xτ(ℓ)

+ 2xm−t+1xm−t+2 + 2u0xm−t+1xτ(ℓ−1) + (2u1 + 2u2 + 1)xm−t+2xτ(ℓ−1)

+ (2u0 + 2u1 + 2u2 + 1)xm−t+3xτ(ℓ−1) + 2u0xm−t+1xτ(ℓ)

+ (2u1 + 2u2 + 3)xm−t+2xτ(ℓ) + (2u0 + 2u1 + 2u2 + 3)xm−t+3xτ(ℓ)

+ 2
m−1
∑

k=1
k 6=ℓ−1

xτ(k)xτ(k+1) +
m

∑

k=1

ekxτ(k) + e0.

Proof. Fix e, e0, e1, . . . , em ∈ Z4 and u0, u1, u2, u3 ∈ Z2. Let (a, b) be the non-standard quaternary
Golay pair of length 8 given by

a(x1, x2, x3) = 2x1x2 + 2x2x3 + 2u0x1 + 2u3x2 + (2u0 + 2u2 + u3)x3,

b(x1, x2, x3) = 2x1x2 + 2x1x3 + (2u1 + 2u2 + 2u3 + 1)x2 + (2u1 + u3 + 1)x3

}

(17)

respectively, which is the case k0 = k1 = 0 of Theorem 2. Define the mapping π(i) := φ−1(τ(i)),
where φ is the permutation of {1, 2, . . . ,m + 3} given by the case r = 3 of (10). This mapping π is
a permutation of {1, 2, . . . ,m}, so by (1) there is a standard Golay pair (c,d) for which c has the
form

c(x1, x2, . . . , xm) = 2

m−1
∑

k=1

xπ(k)xπ(k+1) +

m
∑

k=1

ekxπ(k) + e0 (18)

(setting ek in (1) to be the fixed value eπ−1(k) for 1 ≤ k ≤ m). The form (13) for f(x1, x2, . . . , xm+3)
arises from application of Lemma 5 with seed pair (a, b); the form (14) from Lemma 5 with seed
pair (b,a); the form (15) from Lemma 7 with seed pair (a, b); and the form (16) from Lemma 7
with seed pair (b,a). In all four cases the controlling pair used is (c,d). We give the proof for the
form (13) in detail; the proof for the form (14) is very similar.

We wish to construct a quaternary Golay pair (f ,g) of length 2m+3 from Lemma 5, using seed
pair (a, b) and controlling pair (c,d). When t = 0, by Lemma 8 this pair (f ,g) is given by

f ′(x1, x2, . . . , xm+3) := a(xm+1, xm+2, xm+3) · (1 − xπ(1))

+ b(xm+1, xm+2, xm+3) · xπ(1)

+ c(x1, x2, . . . , xm),

g′(x1, x2, . . . , xm+3) := f ′(x1, x2, . . . , xm+3) + 2xπ(m) + e

respectively. Therefore, for general t in the range 0 ≤ t ≤ m, by Lemma 9 the pair (f ,g) is given
by

f ′(xφ(1), xφ(2), . . . , xφ(m+3)) = a(xm−t+1, xm−t+2, xm−t+3) · (1 − xφ(π(1)))

+ b(xm−t+1, xm−t+2, xm−t+3) · xφ(π(1))

+ c(xφ(1), xφ(2), . . . , xφ(m)),

g′(xφ(1), xφ(2), . . . , xφ(m+3)) = f ′(xφ(1), xφ(2), . . . , xφ(m+3)) + 2xφ(π(m)) + e.

Set f(x1, x2, . . . , xm+3) := f ′(xφ(1), xφ(2), . . . , xφ(m+3)) and g(x1, x2, . . . , xm+3) := g′(xφ(1), xφ(2), . . . , xφ(m+3)).
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Substitute from (17) and (18), and use the definition of π, to show that

f(x1, x2, . . . , xm+3)

= [2xm−t+1xm−t+2 + 2xm−t+2xm−t+3 + 2u0xm−t+1 + 2u3xm−t+2

+ (2u0 + 2u2 + u3)xm−t+3] · (1 − xτ(1))

+ [2xm−t+1xm−t+2 + 2xm−t+1xm−t+3 + (2u1 + 2u2 + 2u3 + 1)xm−t+2

+ (2u1 + u3 + 1)xm−t+3] · xτ(1)

+ 2

m−1
∑

k=1

xτ(k)xτ(k+1) +

m
∑

k=1

ekxτ(k) + e0,

g(x1, x2, . . . , xm+3)

= f(x1, x2, . . . , xm+3) + 2xτ(m) + e.

The claimed form (13) for the constructed sequence pair (f ,g) is given by collecting terms. The
algebraic normal forms contain cubic terms and so both constructed sequences are non-standard.

The proof for the forms (15) and (16) is similar, noting from (2) that

a∗(x1, x2, x3) = a(x1, x2, x3) + 2x1 + 2x3 + 2u2 + u3,

b∗(x1, x2, x3) = b(x1, x2, x3) + 2x2 + 2x3 + 2u2 + u3 + 2.

(The calculated forms for (15) and (16) initially contain terms (2u2 + u3 + 2)xτ(ℓ) and (2u2 +
u3)xτ(ℓ) respectively but these terms have been absorbed into the linear sum

∑m
k=1 ekxτ(k), which

corresponds in each case to an adjustment of the constant eℓ.)

The quaternary Golay sequences and pairs constructed in Theorem 10 use the seed pair (a, b)
given by the case (k0, k1) = (0, 0) of Theorem 2, as stated in (17). We do not obtain further
quaternary Golay sequences or pairs by using the seed pair given by any case (k0, k1) 6= (0, 0) of
Theorem 2. For example, application of Lemma 5 to the resulting seed pair (a + k0 · , b + k1 · )
instead of to (a, b) replaces the constructed pair (f ,f +2xτ(m) +e ·) by the pair (f ′,f ′+2xτ(m) +
e · ) where f ′ := f + (k1 − k0)xτ(1) + k0 · , but this pair is already included in the first form of
Theorem 10.

We now count the number of quaternary sequences and pairs constructed in Theorem 10.

Corollary 11. For each integer m ≥ 1 there are at least (m + 1)!(m + 1) · 4m+1 · 16 non-standard
quaternary Golay sequences of length 2m+3 and at least 2(m + 1)!(m + 1) · 4m+2 · 16 non-standard
quaternary ordered Golay pairs of length 2m+3.

Proof. Each form (13), (14), (15), (16) gives rise to a set of sequences as the parameters t, ℓ, τ ,
e0, e1, . . . , em, u0, u1, u2, u3 vary over their ranges. By comparison of cubic terms, all sequences in
the sets arising from (13) and (14) are distinct from those in the sets arising from (15) and (16).
By comparison of quadratic terms, all sequences in the set arising from (13) are distinct from those
arising from (14), and those arising from (15) are distinct from those arising from (16).

We firstly count the sequences in the sets arising from (13) and (14). There are m! choices
for τ ; m+1 choices for t; 4m+1 choices for e0, e1, . . . , em; and 24 choices for u0, u1, u2, u3. Since τ is
a bijection between {1, . . . ,m} and {1, . . . ,m+ 3} \ {m− t + 1,m− t + 2,m− t + 3}, each choice of
parameters yields a distinct sequence (for example, we can consider {u0, 2u1+2u2+1, u3, 2u0+2u2+
u3} and {u0, 2u1 +2u2 +3, 2u1 +2u2 +2u3+1, 2u1 +u3+1} to form a linearly independent set when
considering (13) and (14) respectively). We therefore obtain exactly m!(m+1) ·4m+1 ·24 ·2 distinct
sequences from (13) and (14). No further sequences are obtained by considering the sequence
f(x1, x2, . . . , xm+3) + 2xτ(m) + e that forms a Golay pair with the sequence f(x1, x2, . . . , xm+3).
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We next count the sequences in the sets arising from (15) and (16). Each sequence in the set
arising from (15) is counted exactly twice as the parameters vary: the mapping ℓ 7→ m + 2 − ℓ;
u1 7→ u1+1; τ 7→ τ ′, where τ ′(i) := τ(m+1−i), leaves

∑m−1
k=1 xτ(k)xτ(k+1) invariant but interchanges

τ(ℓ− 1) and τ(ℓ), and interchanges 2u1 + 1 and 2u1 + 3. Similarly each sequence in the set arising
from (16) is counted exactly twice, by considering the mapping ℓ 7→ m + 2 − ℓ; u0 7→ u0 + 1;
τ 7→ τ ′. Since there are m − 1 choices for ℓ, we therefore obtain exactly m!(m + 1)(m − 1) ·
4m+1 · 24 · 2/2 distinct sequences from (15) and (16), and no further sequences by considering
f(x1, x2, . . . , xm+3) + 2xτ(m) + e.

Summing the two counts gives the stated minimum number of non-standard quaternary Golay
sequences of length 2m+3.

We finally count the minimum number of Golay pairs formed from these sequences. Inspection
of the algebraic normal forms shows, for each constructed sequence f , that f∗ 6= f + c ·  for any
c ∈ Z4. Therefore we can partition the constructed sequences into sets of the form E(f) ∪ E(g),
each such set involving 2 · 8 = 16 sequences, such that E(f)×E(g) comprises 82 · 2 = 128 ordered
Golay pairs (see Section 2). The minimum number of Golay pairs formed from the constructed
sequences is therefore given by multiplying the sequence count by 8 (and the true number will exceed
this minimum if two constructed sequences at smaller lengths have the shared autocorrelation
property).

# quaternary Golay sequences # quaternary ordered Golay pairs
Length standard non-standard standard non-standard

4 64 0 512 0
8 768 0 6,144 512

16 12,288 1,024 98,304 8,192
32 245,760 ≥ 18,432 1,966,080 ≥ 147,456
64 5,898,240 ≥ 393,216 47,185,920 ≥ 3,145,728

2m (m ≥ 7) m!/2 · 4m+1 > (m − 2)!(m − 2) · 4m m! · 4m+2 > 2(m − 2)!(m − 2) · 4m+1

Table 1: Number of length 2m quaternary Golay sequences and ordered Golay pairs

Table 1 lists the known number of standard and non-standard length 2m quaternary Golay
sequences and pairs, using the counts from Corollary 11. The minimum values given for m ≥
7 are both strict minima, because of the generalization of Example 6 described at the end of
Section 4. The values given for m ≤ 4 are exact counts, by exhaustive computer search. But we
do not currently know whether the minimum values given for lengths 32 and 64 are exact counts.
While we know that no two standard quaternary Golay sequences of length 32 have the shared
autocorrelation property [5], it is possible that one of the non-standard quaternary Golay sequences
of length 32 constructed in Theorem 10 has the shared autocorrelation property with a standard
quaternary Golay sequence or with another non-standard quaternary Golay sequence constructed
in Theorem 10. In that case we could construct further non-standard quaternary Golay sequences
and pairs of length 64 and higher via the resulting cross-over of autocorrelation functions (see
Figure 1). It is also possible that there are non-standard quaternary Golay sequences of length 32
or 64 that are not contained in Theorem 10.

For h > 2, the non-standard Golay sequences and pairs constructed in Theorem 10 and Exam-
ple 6 (and its generalizations) give non-standard Golay sequences and pairs over Z2h under lifting
and linear transformation (see the end of Section 2).
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6 Conclusion

In this section we summarize the main results of the paper, clarify the relationship to other work,
and list some open questions.

We firstly summarize the main results of the paper. In Theorem 10 and Corollary 11 we have
determined explicitly and counted the quaternary Golay sequences and pairs of length 2m (m ≥ 4)
obtained by applying Lemmas 5 and 7 to the 512 non-standard quaternary ordered Golay seed
pairs (a, b) of length 8 described in Theorem 2. These lemmas are equivalent to the iterative use
of Budǐsin’s construction, with arbitrary negative reversals of intermediate sequences allowed.

In Figure 3 we have identified a framework of constructions from which all known Golay se-
quences and pairs of length 2m over Z2h can be obtained explicitly, and have shown the key
importance of Turyn’s construction and its variations. In Example 6 and its generalizations we
have demonstrated that this framework is sufficiently powerful to produce further quaternary Golay
sequences and pairs of length 2m (m ≥ 7) that cannot be obtained by any other known construction.

We next describe the relationship to other work. Schmidt [15, Theorem 7] recently gave an
algebraic normal form construction for “near-complementary sequences”, based in part on earlier
work of Parker and Tellambura [13], and remarked [15, p. 3230] that it could be applied to the
Golay sequences of Theorem 2 “to obtain an explicit construction for Golay sequences of length 2m,
where m > 3”. However neither [15] nor [13] gives details of the resulting sequences, and moreover
carrying out the indicated procedure would lead to only the forms (13) and (14) of Theorem 10
(corresponding to the application of Lemma 5) and not to the forms (15) and (16) (corresponding
to Lemma 7, in which arbitrary negative reversals of intermediate sequences are allowed).

Borwein and Ferguson [1] considered the Golay sequences and pairs that can be obtained from an
arbitrary initial Golay pair (a, b) by the iterative use of Budǐsin’s construction, including the effect
of (negative) reversal of intermediate sequences. Indeed, we have adopted their matrix notation
to describe constructed sequences. However [1] deals exclusively with binary sequences, and the
only known binary length 2m Golay pairs are standard pairs. In that case (negative) reversal of
intermediate sequences does not produce any additional Golay sequences or pairs, as noted at the
start of Section 4.5. Theorem 4.6 of [1] counts the number of binary ordered Golay pairs of length
2mn that can be derived from an initial binary Golay pair of length n, but does not give an explicit
algebraic normal form for the case n = 2r and once again deals only with the binary case, which
is considerably less complex than the quaternary case considered here. (Strictly, the count of [1,
Theorem 4.6] is an upper bound since it is not proved there that the counted sequences or pairs
are distinct.)

After submission of the original manuscript we were able to obtain more detailed results on the
generalizations of Example 6 discussed in Section 4.4. These are reported in [6].

We conclude with some open questions:

1. Are the minimum counts of non-standard length 32 and 64 quaternary Golay sequences and
pairs in Table 1 exact (see the discussion at the end of Section 5)?

2. What underlies the shared autocorrelation property of the quaternary Golay sequences (4)?
Are there further examples of Golay sequences of length 2m over Z2h having the shared
autocorrelation property (apart from trivial liftings and linear transformations of (4))? If so,
this would allow the construction of further infinite families of non-standard Golay sequences
and pairs via a new cross-over of autocorrelation functions (see the procedure of Section 5).

3. Are there any non-standard binary length 2m Golay pairs, arising either from a shared auto-
correlation property of standard binary Golay sequences or in some other way?
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4. The algebraic normal forms for non-standard Golay sequences derived in Theorem 10 are
rather complex, in contrast to those for standard Golay sequences in (1). Is there a better
way to describe non-standard Golay pairs than by using the algebraic normal form?
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Lemma 5
matrix M is 2t × 2m−t,
(c, d) is a standard pair

Lemma 4
matrix M is r × 1 (interleaving),
c − d is the lifting of a binary

sequence to ZH

Lemma 3
matrix M is 1 × s

(concatenation),
c − d is the lifting of a binary

sequence to ZH

Lemma 7
matrix M is 2t × 2m−t,
(c, d) is a standard pair

Turyn’s
construction for

H = 2

Turyn’s construction for
H = 2 and non-standard

binary pairs (c, d)
(if such pairs exist)

Figure 2: Venn diagram for constructions of Golay pairs. Annotations describe restrictions on the
use of each lemma.
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standard length 2m Golay
pairs

(Theorem 1)

non-standard length 8
Golay pairs

(Theorem 2)

(a, b) (seed pairs) (controlling pairs) (c,d)
Lemma 5 & Lemma 7

non-standard length 2m

Golay sequences and pairs
(Theorem 10)

(a, b) (seed pairs) (controlling pairs) (c,d)
Lemma 3 & Lemma 4

further non-standard
length 2m Golay se-
quences and pairs

(Example 6)

տ if c − d is the lifting of a binary sequence to ZH

Figure 3: Flowchart for constructing quaternary length 2m Golay sequences and pairs (all inputs
and outputs are quaternary)
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